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DISCRETE SPECTRUM FOR AMENABLE GROUP ACTIONS
TAO YU, GUOHUA ZHANG AND RUIFENG ZHANG
ABSTRACT. In this paper, we study discrete spectrum of invariantmeasures for countable
discrete amenable group actions.
We show that an invariant measure has discrete spectrum if and only if it has bounded
measure complexity. We also prove that, discrete spectrum can be characterized via
measure-theoretic complexity using names of a partition and the Hamming distance, and
it turns out to be equivalent to both mean equicontinuity and equicontinuity in the mean.
1. INTRODUCTION
There is a long history for the study of discrete spectrum, which has attracted substan-
tial interest in the literature since its introduction in dynamical systems.
Recently, discrete spectrum was studied in different settings by many mathematicians,
for example, in a wider context of the dynamics of metrics in measure spaces by Vershik in
a series of papers [17] and references therein, from the viewpoint of measure complexity
by Huang, Wang and Ye in [8] and Huang, Li, Thouvenot, Xu and Ye in [7] and Vershik,
Zatitskiy and Petrov in [19], flows by Scarpellini in [16], measure dynamical systems on
locally compact σ -compact abelian groups and its equivalence to pure point diffraction
by Lenz and Strungaru in [11], actions of locally compact σ -compact abelian groups on
compact metric spaces by Lenz in [10], actions of locally compact σ -compact amenable
groups on compact metric spaces by Fuhrmann, Gro¨ger and Lenz in [3].
For a single measure-preserving transformation, an ergodic system with discrete spec-
trum may be the simplest ergodic system with zero measure-theoretic entropy. By the
well-known Halmos-von Neumann Representation Theorem (see for example [6] or [20,
Theorem 3.6]), the “standard model” of an ergodic system (for a single transformation)
with discrete spectrum is the minimal rotation over a compact abelian metric group.
Usually people describe the complexity of a dynamical system by measuring the rate of
the growth of the orbits in the system. In [9] Katok introduced the complexity function via
the modified notion of spanning sets with respect to (w.r.t. for short) an invariant measure
and an error parameter. Recently, during their investigation of the Sarnak’s conjecture,
Huang, Wang and Ye [8] introduced the measure complexity of an invariant measure sim-
ilar to the one introduced by Katok, by using the mean metric instead of the Bowen metric.
They showed that if an invariant measure has discrete spectrum, then the measure com-
plexity w.r.t. this invariant measure is bounded. Later in [7] Huang, Li, Thouvenot, Xu
and Ye proved that the converse statement remains true, and so an invariant measure has
discrete spectrum if and only if it has bounded measure complexity. Moreover, in [7] the
property of discrete spectrum was further connected to the so-called mean equicontinuity
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and equicontinuity in the mean. Remark that the characterization of discrete spectrum
using measure complexity was also proved by Vershik, Zatitskiy and Petrov in [19] via
studying the class of so-called admissible metrics in a Lebesgue space, under a mild con-
dition that the standard Lebesgue space is non-atomic. In fact, this may go back to [18] via
scaled entropy and even [17] by Vershik. Different from the one by Katok, in [1] Ferenczi
characterized an ergodic invariant measure with discrete spectrum via measure-theoretic
complexity using names of a partition and the Hamming distance, which was extended
recently to non-ergodic case by Yu in [22].
Note that for a topological dynamical system (X ,T ), where X is a compact metric space
and T : X → X is a self-homeomorphism, there always exist invariant Borel probability
measures on X so that the classic ergodic theory involves the study of (X ,T). Whereas,
there are some groupsG such that there exists no any invariant Borel probability measures
on some compact metric space, where G acts over it compatibly, for example the rank two
free group. It is well known that, for a group action with a countable discrete group, the
amenability of the group ensures the existence of invariant Borel probability measures,
which includes all finite groups, solvable groups and compact groups.
Thus the following question rises naturally. When considering group actions with a
countable infinite discrete amenable group over compact metric spaces, may we still char-
acterize discrete spectrum using measure complexity along the line of [7, 8, 19], and is
there still any relationship with the so-called mean equicontinuity, equicontinuity in the
mean and measure-theoretic complexity as in [1, 7, 22]?
In this paper we will answer the above questions affirmatively.
Recall that a countable infinite discrete group G is amenable (see [2]) if there exists a
sequence of finite nonempty subsets Fn ⊂ G, which is called a Følner sequence, such that
limn→∞
|gFn∆Fn|
|Fn|
= 0 for every g ∈ G, where | • | denotes the cardinality of a subset •.
By a topological dynamical system (t.d.s. for short) we mean a pair (X ,G), where X is
a compact metric space with a metric d and G is a countable infinite discrete amenable
group acting as a group of homeomorphisms over X . Denote by BX the Borel σ -algebra
of X , and M(X ,G) the set of all invariant Borel probability measures over X , respec-
tively. It is a standard fact that M(X ,G) is a nonempty compact metric convex space,
whose extreme points consist of exactly its ergodic elements. For more story of actions
of amenable groups cf. [13, 14, 21]. From now on, we will fix (X ,G) to be a t.d.s. with
the metric d and µ ∈M(X ,G), and fix {Fn : n ∈ N} to be a Følner sequence of G.
Following [23], let Hc ⊂ L
2(X ,µ) be the closed subspace generated by all finite di-
mensional G-invariant subspaces of L2(X ,µ), and we say that µ has discrete spectrum
if Hc = L
2(X ,µ)1. According to [23, Theorem 7.1], Hc consists of all almost peri-
odic functions f ∈ L2(X ,µ), that is, { f ◦ g : g ∈ G} is precompact in L2(X ,µ), where
f ◦g(x) = f (gx) for any g ∈G and all x ∈ X . In particular, µ has discrete spectrum if and
only if any f ∈ L2(X ,µ) is almost periodic.
We show that µ has discrete spectrum if and only if it has bounded measure complexity,
by characterizing almost periodic functions via the complexity function. This extends
1Observe that, even if µ ∈M(X ,G) has discrete spectrum, in general L2(X ,µ) is not necessarily spanned
by the eigenfunctions. Similar to [15, Lemma 2.6], if L2(X ,µ) is spanned by the eigenfunctions then the
group G acts essentially as an abelian group over (X ,BX ,µ).
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the corresponding results from an abelian group [19] (see also [7, 8, 22] for the integer
group Z) to the case of a countable infinite discrete amenable group. We also prove that,
discrete spectrum can be characterized via measure-theoretic complexity using names of
a partition and the Hamming distance, and it turns out to be equivalent to both mean
equicontinuity and equicontinuity in the mean. This generalizes the corresponding results
[1, 7, 22] from Z-actions to our setting.
In order to state precisely our main result, we need to make some preparations.
Let w be a semimetric of X . Then the Følner sequence {Fn : n ∈N} generates naturally
the sequence {wFn : n ∈ N}, where, for any n ∈ N and all x,y ∈ X ,
wFn(x,y) =
1
|Fn|
∑
g∈Fn
w(gx,gy).
For any ε > 0, we define the complexity function of µ w.r.t. {wFn : n ∈ N} as
C(wFn,ε) =min
{
m ∈ N : ∃x1, · · · ,xm ∈ X s.t. µ
(
m⋃
i=1
BwFn (xi,ε/2)
)
> 1− ε
}
,
where BwFn (xi,ε/2) = {y ∈ X : wFn(xi,y)< ε/2}. We say that µ has bounded complexity
w.r.t. {wFn : n ∈ N} if for any ε > 0 there exists M =M(ε) ∈ N such that C(wFn,ε)≤M
for all n∈N. As we shall see, we are mainly interested in continuous semimetrics over X ,
we are also interested in the Hamming distance of names of a partition α (by a partition
α ⊂BX we mean a finite family of pairwise disjoint subsets with X as its union).
Denote by PX the set of all partitions of X . Let α ∈ PX with α = {A1, · · · ,Al}, l ∈ N.
For any point x ∈ X , the α-name of x is {αg(x) : g ∈ G}, where αg(x) = k whenever
gx ∈ Ak for any g ∈ G. It is trivial the following fact concerning the Hamming distance
via α-names that, for all x,y ∈ X and each n ∈ N,
1
|Fn|
|{g ∈ Fn : αg(x) 6= αg(y)}|= HαFn(x,y)
where Hα(x,y) = 1
2 ∑
l
i=1 |1Ai(x)−1Ai(y)|. It is also worth noticing that for α = {A,X \A}
one has Hα(x,y) = |1A(x)−1A(y)| for all x,y ∈ X .
We say that a compact set K ⊂ X is mean equicontinuous (equicontinuous in the mean,
respectively) w.r.t. {Fn : n ∈ N}, if for every ε > 0, there exists a δ > 0 such that
limsupn→∞ dFn(x,y) < ε (dFn(x,y) < ε for any n ∈ N, respectively) whenever x,y ∈ K
satisfy d(x,y)< δ . We say that µ ∈M(X ,G) is mean equicontinuous (equicontinuous in
the mean, respectively) w.r.t. {Fn : n ∈N}, if for every τ > 0 there exists a mean equicon-
tinuous set (an equicontinuous in the mean set, respectively) K ⊂ X w.r.t. {Fn : n ∈ N}
such that µ(K)> 1−τ . See [4, 7] (and references therein) for history and recent progress
about mean equicontinuity and equicontinuity in the mean.
Recall that a sequence {En : n ∈ N} of finite subsets of G is tempered if there exists
finiteC > 0 such that |
⋃
k<n
E−1
k
En| ≤C|En| for any n ∈ N. Every Følner sequence admits a
tempered subsequence [12, Proposition 1.4].
The main result of this paper is stated as follows.
Theorem 1.1. Let (X ,G) be a t.d.s. with metric d and µ ∈M(X ,G). Let {Fn : n ∈ N} be
a Følner sequence of G. Then the following statements are equivalent:
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(1) µ has discrete spectrum.
(2) µ has bounded complexity w.r.t. {dFn : n ∈ N}.
(3) µ has bounded complexity w.r.t. {HαFn : n ∈ N} for any α ∈ PX .
(4) µ has bounded complexity w.r.t. {HαFn : n ∈ N} for any α = {A,X \A} ∈ PX .
Furthermore, if the Følner sequence {Fn : n ∈ N} is tempered, then the above statements
are equivalent to any of the following two statements:
(5) µ is mean equicontinuous w.r.t. {Fn : n ∈ N}.
(6) µ is equicontinuous in the mean w.r.t. {Fn : n ∈ N}.
The paper is organized as follows. In section 2 we characterize almost periodic func-
tions via the complexity function. In section 3 we present the proof of Theorem 1.1.
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2. ALMOST PERIODIC FUNCTIONS AND BOUNDED COMPLEXITY
In this section we generalize [5, Theorem 1.14] and [22, Theorem 5.2] from Z-actions
to amenable group actions, by characterizing almost periodic functions via the complexity
function, which will be crucial in our study of discrete spectrum in next section.
We will fix throughout the whole section the assumption that h∈ L2(X ,µ) and H(x,y) =
|h(x)−h(y)| for all x,y ∈ X. The main result of this section is:
Theorem 2.1. The function h is almost periodic if and only if µ has bounded complexity
w.r.t. {HFn : n ∈ N}.
Observe that by the definition of bounded complexity (w.r.t. {wFn : n ∈ N}), one only
concludes that there exists a uniform boundM ∈N (depending on the given parameter ε >
0 and independent of n∈N), such that for all n∈N there exist at mostM subsets covering
the whole space X (up to an ε error) and satisfying that each such subset has its HFn-
diameter smaller than ε . We don’t know if we can choose these M subsets independent
of each step n ∈ N. Lindenstrauss proved pointwise ergodic convergence theorem along
averages over tempered Følner sequence [12, Theorem 1.3]. With the help of this, we
have the following result, which will be useful in later discussions.
Lemma 2.2. Assume that the Følner sequence {Fn : n ∈ N} is tempered. Then µ has
bounded complexity w.r.t. {HFn : n ∈ N}, if and only if, for any 1 > ε > 0, there exist
finitely many Borel subsets X1, · · · ,Xs such that µ(
⋃s
j=1X j)> 1−ε and HFn(x,y)< ε for
all x,y ∈ X j (for some j = 1, · · · ,s) and any n ∈ N.
Proof. It suffices to prove the direction of “⇒”. Let 1> ε > 0 and fix it.
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By the assumption that µ has bounded complexity w.r.t. {HFn : n ∈ N}, there is C =
C(ε) ∈ N such that for any n ∈ N, there is finite En ⊂ X with |En| ≤C such that
µ
( ⋃
x∈En
BHFn
(x,ε/8)
)
> 1− ε/8.
Since the Følner sequence {Fn : n ∈ N} is tempered, applying the pointwise ergodic con-
vergence theorem [12] one has that the sequence {HFn(x,y) : n ∈N} converges for µ×µ-
a.e. (x,y) ∈ X×X . Thus, for a given 0< r< ε
4C
, by Egorov theorem there exists compact
R⊂ X×X with µ ×µ(R)> 1− r2 and N ∈ N such that if (x,y) ∈ R then
|HFn(x,y)−HFN(x,y)|< r for all n≥ N.
And then by Fubini theorem there is a Borel set A⊂ X such that µ(A)> 1−r and µ(Rx)>
1− r for any x ∈ A, where Rx = {y ∈ X : (x,y) ∈ R}. Let us enumerate EN = {z1, · · · ,zm}
(clearly m≤C), and set
I =
{
1≤ i≤ m : A∩BHFN
(zi,ε/8) 6= /0
}
and m′ = |I| ≤ m.
For each i ∈ I, pick yi ∈ A∩BHFN
(zi,ε/8), and hence BHFN
(zi,ε/8)⊂ BHFN
(yi,ε/4). As
µ
(
A∩
⋂
i∈I
Ryi ∩
⋃
x∈EN
BHFN
(x,ε/8)
)
≥ 1− r−m′r− ε/8> 1− ε,
by Lusin Theorem we can choose for any j ∈ I a compact set
K j ⊂ A∩
⋂
i∈I
Ryi ∩BHFN
(y j,ε/4)
such that µ(K)> 1−ε and h(gx) is continuous onK for all g∈
⋃N−1
n=1 Fn, whereK=
⋃
j∈I
K j.
Since h(gx) is continuous on K for all g ∈
⋃N−1
n=1 Fn, there is δ > 0 such that |h(gx1)−
h(gx2)|< ε for all g ∈
⋃N−1
n=1 Fn (and hence HFn(x1,x2)< ε for all 1≤ n≤ N−1), when-
ever x1,x2 ∈K satisfy d(x1,x2)< δ . Note that for any j ∈ I the subset K j is compact, there
exists finite H j ⊂ K j such that K j ⊂
⋃
x∈H j
B(x, δ
2
), where B(x, δ
2
) = {y ∈ X : d(x,y)< δ
2
}.
Now we will prove that
{
B(x, δ
2
)∩Ki : i ∈ I and x ∈ Hi
}
satisfies the required property.
Clearly K =
⋃
i∈I
( ⋃
x∈Hi
B(x, δ
2
)∩Ki
)
, whose µ-measure is strictly larger than 1− ε . Now
assume x1,x2 ∈ B(x,
δ
2
)∩Ki for some x ∈ Hi and i ∈ I. By the selection of δ one obtains
HFn(x1,x2)< ε for all 1≤ n≤N−1. Since for each k= 1,2, xk ∈Ki⊂Ryi∩BHFN
(yi,ε/4),
one has (yi,xk) ∈ R and then, by the construction of R,
HFn(yi,xk)≤ HFN(yi,xk)+ r < ε/4+ r < ε/2 for any n≥ N.
Now we have HFn(x1,x2)≤ HFn(x1,yi)+HFn(x2,yi)< ε for any n≥ N (and hence for all
n≥ 1), which ends the proof. 
We also need the following technical results.
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Lemma 2.3. Let f ∈ A, where A is a finite dimensional G-invariant subspace of L2(X ,µ)
with an orthonormal basis {e1, · · · ,ek} (under ‖ • ‖2 inherited from L
2(X ,µ)). Then for
µ ×µ-a.e. (x,y) ∈ X×X one has, for any g ∈ G,
| f (gx)− f (gy)| ≤ ‖ f‖2 ·
k
∑
i=1
|ei(x)− ei(y)|.
Proof. Since A is G-invariant, for any g ∈ G there exist aig ∈ C, i = 1, · · · ,k such that
f ◦ g = ∑ki=1a
i
gei in L
2(X ,µ), and then f ◦ g(x) = ∑ki=1a
i
gei(x) for µ-a.e. x ∈ X , hence
‖ f‖22 = ‖ f ◦ g‖
2
2 = ∑
k
i=1 |a
i
g|
2 (and so |aig| ≤ ‖ f‖2 for any g ∈ G and all i = 1, · · · ,k). As
G is a countable group, the conclusion follows directly. 
Lemma 2.4. Assume that |h| ≤C for someC> 0 and
∫
X h dµ = 0. If
∫
X×X H dµ×µ <
1
k2
for some k > 1, then
∫
X |h| dµ ≤
2+C
k
+ C
k−1 .
Proof. By the assumption µ×µ(A)< 1
k
, where A= {(x,y) ∈ X×X :H(x,y)≥ 1
k
}. Then
there exists y ∈ X such that µ(Ay) <
1
k
where Ay = {x ∈ X : (x,y) ∈ A}. And hence for
d = h(y), one has that if x ∈ X \Ay then |h(x)−d|<
1
k
, thus∫
X\Ay
(
d−
1
k
)
dµ ≤
∫
X\Ay
h dµ ≤
∫
X\Ay
(
d+
1
k
)
dµ.
This implies from |h| ≤C that∫
X\Ay
(
d−
1
k
)
dµ −Cµ(Ay)≤
∫
X
h dµ = 0≤
∫
X\Ay
(
d+
1
k
)
dµ +Cµ(Ay).
On one hand, either d ≥ −1
k
, or d < −1
k
which implies (1− 1
k
)(d+ 1
k
) ≥ −C
k
and hence
d≥− C
k−1−
1
k
. On the other hand, either d< 1
k
, or d≥ 1
k
which implies (1− 1
k
)(d− 1
k
)≤ C
k
and finally d ≤ C
k−1 +
1
k
. Summing up, |d| ≤ C
k−1 +
1
k
and then
∫
X |h| dµ ≤
∫
X\Ay
(|h−d|+
|d|) dµ +Cµ(Ay)≤
2+C
k
+ C
k−1 . 
Lemma 2.5. Set L(x,y) = h(x)−h(y) for all x,y∈ X and assume |h| ≤C for some C> 0.
If h is not almost periodic, then L is not almost periodic.
Proof. Set Lg(x,y) = L(gx,gy) = h(gx)− h(gy) for all x,y ∈ X and any g ∈ G. Assume
the contrary that L is almost periodic in L2(X×X ,µ×µ), then for any k > 1 there exists
{gk,1, · · · ,gk,lk} ⊂ G such that for any g ∈ G, there exists 1≤ m≤ lk with
1
k2
>
(∫
X×X
|Lgk,m−Lg|
2dµ ×µ
) 1
2
≥
∫
X×X
|Lgk,m−Lg|dµ ×µ.
Since
∫
X(h◦gk,m−h◦g) dµ = 0 and |h| ≤C (and hence |h◦gk,m−h◦g| ≤ 2C), one has∫
X
|h◦gk,m−h◦g| dµ ≤
2+2C
k
+
2C
k−1
from Lemma 2.4. So∫
X
|h◦gk,m−h◦g|
2 dµ ≤ 2C
∫
X
|h◦gk,m−h◦g| dµ ≤
4C+4C2
k
+
4C2
k−1
.
By arbitrariness of k > 1 we have that h is almost periodic, a contradiction. 
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Before proving Theorem 2.1, let us show firstly the following intermediate result.
Theorem 2.6. Assume that h is almost periodic and that the Følner sequence {Fn : n∈N}
is tempered. Then for any ε > 0, there exists δ > 0 and compact B⊂ X with µ(B)> 1−ε
such that HFn(x,y) < ε for each n ∈ N and all x,y ∈ B with d(x,y) < δ . In particular, µ
has bounded complexity w.r.t. {HFn : n ∈ N}.
Proof. Without loss of generality we may assume that h is not the zero function.
Take any ε > 0 and fix it. Let A ⊂ L2(X ,µ) be the closed subspace generated by
all finite dimensional G-invariant subspaces of L2(X ,µ), which consists of all almost
periodic functions by [23, Theorem 7.1]. Then we can decompose A as
⊕
i∈IAi, where I
is a countable nonempty index set and for each i ∈ I the space Ai is a finite dimensional
G-invariant subspace of L2(X ,µ) with an orthonormal basis {ei,1, · · · ,ei,li}, and hence for
each i ∈ I there exists fi ∈ Ai such that h= ∑i∈I fi. Thus there exists a finite nonempty set
K ⊂ I such that fi ∈ Ai \{0} for each i ∈ K and∫
X
∣∣∣∣∣h−∑
i∈K
fi
∣∣∣∣∣ dµ ≤
∥∥∥∥∥h−∑
i∈K
fi
∥∥∥∥∥
2
<
ε2
25
.
Since the Følner sequence {Fn : n ∈ N} is tempered, by the pointwise ergodic conver-
gence theorem [12], there exists X ′ ∈BX with µ(X
′) = 1 and h∗ ∈ L1(X ,µ) such that
lim
n→∞
1
|Fn|
∑
g∈Fn
∣∣∣∣∣h(gx)−∑
i∈K
fi(gx)
∣∣∣∣∣= h∗(x)
for each x ∈ X ′ and
∫
X h
∗dµ < ε
2
25
. Then µ(Y )> 1− ε
5
, where Y = {x ∈ X ′ : h∗(x) < ε
5
}.
By Egorov theorem, there exists Y ′ ⊂ Y with µ(Y ′)> 1− ε
5
and N ∈ N such that∣∣∣∣∣ 1|Fn| ∑g∈Fn
∣∣h(gx)−∑
i∈K
fi(gx)
∣∣−h∗(x)
∣∣∣∣∣< ε5
for all x∈Y ′ and each n≥N. Hence by above construction, for all x∈Y ′ and each n≥ N,
1
|Fn|
∑
g∈Fn
∣∣∣∣∣h(gx)−∑
i∈K
fi(gx)
∣∣∣∣∣< 2ε5 .
And then, for all x,y ∈ Y ′ and each n≥ N,
1
|Fn|
∑
g∈Fn
|h(gx)−h(gy)|
≤
1
|Fn|
∑
g∈Fn
(∣∣∣∣∣h(gx)−∑
i∈K
fi(gx)
∣∣∣∣∣+
∣∣∣∣∣h(gy)−∑
i∈K
fi(gy)
∣∣∣∣∣+
∣∣∣∣∣∑
i∈K
( fi(gx)− fi(gy))
∣∣∣∣∣
)
≤
2ε
5
+
2ε
5
+
1
|Fn|
∑
g∈Fn
∑
i∈K
| fi(gx)− fi(gy)|.
By Lemma 2.3, for any i∈K and µ×µ-a.e. (x,y)∈X×X , it holds that | fi(gx)− fi(gy)| ≤
‖ fi‖2 ·∑
li
k=1 |ei,k(x)−ei,k(y)| for any g∈G (without loss of generality we may assume that
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it holds for each g ∈ G and all x,y ∈ Y ′). Thus, for all x,y ∈ Y ′ and each n≥ N,
1
|Fn|
∑
g∈Fn
|h(gx)−h(gy)| ≤
4ε
5
+ ∑
i∈K
li
∑
k=1
‖ fi‖2 · |ei,k(x)− ei,k(y)|.
Now applying Lusin theorem, we may choose compact B⊂ Y ′ such that µ(B) > 1− ε
and all of ei,k, i ∈ K,1≤ k ≤ li and h◦g,g ∈
⋃N−1
n=1 Fn are continuous on B, and then there
exists δ > 0 such that if x,y ∈ B satisfy d(x,y) < δ then |ei,k(x)− ei,k(y)| <
ε
5∑i∈K ‖ fi‖2·li
and |h(gx)−h(gy)|< ε whenever i ∈ K,1≤ k ≤ li and g ∈
⋃N−1
n=1 Fn. Thus we have
1
|Fn|
∑
g∈Fn
|h(gx)−h(gy)|< ε
whenever n ∈ N and x,y ∈ B satisfying d(x,y)< δ .
Finally, since B is compact, there exist x1, · · · ,xs ∈ B,s ∈ N such that B⊂
s⋃
j=1
B(x j,
δ
2
).
Let X0 = X \B, X j = B(x j,
δ
2
)∩B for each j= 1, · · · ,s. Thus µ(X0)< ε and HFn(x,y)< ε
for all n ∈ N once both x and y come from the same X j ( j = 1, · · · ,s), which implies that
C(HFn,ε)≤ s for all n∈N and hence µ has bounded complexity w.r.t. {HFn : n ∈N}. 
The following theorem is inspired by [19, Theorem 6 and Theorem 7].
Theorem 2.7. If µ has bounded complexity w.r.t. {HFn : n∈N}, then h is almost periodic.
Proof. Remark that limr→+∞‖h
r−h‖2= 0, where for each r> 0 we construct in L
2(X ,µ)
hr(x) =


h(x), |h(x)| ≤ r
r ·
h(x)
|h(x)| , |h(x)|> r
for each x ∈ X .
Assume the contrary that h is not almost periodic, by [23, Theorem 7.1] there exists R> 0
such that hR is not almost periodic. We set, for all x,y ∈ X , L(x,y) = h(x)− h(y) and
LR(x,y) = hR(x)−hR(y), HR(x,y) = |LR(x,y)|, which implies
(2.1) |h(x)−h(y)| ≥ |hR(x)−hR(y)| and hence HFn(x,y)≥ H
R
Fn(x,y).
Since µ has bounded complexity w.r.t. {HFn : n∈N}, it is easy to obtain from (2.1) that µ
has bounded complexity w.r.t. {HRFn : n ∈ N}. Now let h
′(x) =
hR(x)
4R
for all x ∈ X . Then
h′ ∈ L2(X ,µ) and |h′| ≤ 1
4
. It is easy to see that h′ ∈ L2(X ,µ) is not almost periodic, and
so we may write alternatively h instead of h′ in the following.
Observe from Lemma 2.5 that L is not almost periodic in L2(X ×X ,µ × µ), and so
there exists c1 > 0 and gm ∈G,m ∈N such that ‖Lgi−Lg j‖2 ≥ c1 for all i 6= j ∈N (where
L(x,y) = h(x)−h(y) and Lg(x,y) = L(gx,gy) for all x,y ∈ X and each g ∈ G). Note that
|L| ≤ 1
2
, and then |Lgi−Lg j | ≤ 1, hence, for any i 6= j ∈ N,
(2.2)
∫
X×X
|Lgi−Lg j |dµ ×µ ≥
∫
X×X
|Lgi−Lg j |
2dµ×µ ≥ (c1)
2 (denoted by c).
Without loss of generality, we may assume that the Følner sequence {Fn : n ∈ N} is
tempered. Let ε = c
24
. Then by Lemma 2.2, there exist nonempty Borel sets X1, · · · ,Xk
with µ(
⋃k
i=1Xi) > 1− ε such that HFn(x,y) < ε for all x,y ∈ Xi (for some i = 1, · · · ,k)
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and any n ∈ N. We choose pi ∈ Xi arbitrarily for each i= 1, · · · ,k. For any g ∈ G and all
x,y ∈ X , we denote Lg(x,y) = L(gx,gy),Hg(x,y) = H(gx,gy) and define fg(x,y) as
fg(x,y) =


0, x ∈ X0 or y ∈ X0, where X0 = X \
⋃k
i=1Xi
Lg(pi, p j), x ∈ Xi and y ∈ X j (i, j = 1, · · · ,k)
.
Firstly we will estimate the sum of the L1-distances between the pairs of functions fg
and Lg over g ∈ Fn as follows. If we assume (x,y) ∈ Xi×X j, since
|Lg(x,y)− fg(x,y)|= |Lg(x,y)−Lg(pi, p j)| ≤ Hg(x, pi)+Hg(y, p j),
summing these inequalities over g ∈ Fn we obtain in the right-hand side that
(2.3) ∑
g∈Fn
Hg(x, pi) = |Fn| ·HFn(x, pi)< |Fn|ε, ∑
g∈Fn
Hg(y, p j) = |Fn| ·HFn(y, p j)< |Fn|ε.
Let X00 = (X0×X)∪ (X×X0). Then µ(X00)< 2ε , and hence by the construction
∑
g∈Fn
∫
X×X
|Lg− fg|dµ×µ
=
k
∑
i, j=1
∑
g∈Fn
∫
Xi×X j
|Lg− fg|dµ×µ + ∑
g∈Fn
∫
X00
|Lg− fg|dµ ×µ
≤
k
∑
i, j=1
∑
g∈Fn
∫
Xi×X j
[Hg(x, pi)+Hg(y, p j)]dµ×µ + ∑
g∈Fn
∫
X00
Hgdµ ×µ
≤
k
∑
i, j=1
∫
Xi×X j
(|Fn|ε + |Fn|ε)dµ×µ + ∑
g∈Fn
∫
X00
Hgdµ ×µ (using (2.3))
< 4|Fn|ε (observe that Hg ≤ 1 for all g ∈ G).
Since 4ε = c
6
, there exists F ′′n ⊂ Fn with |F
′′
n | ≥
|Fn|
2
such that, for all g ∈ F ′′n ,
(2.4)
∫
X×X
|Lg− fg|dµ×µ <
c
3
.
Now we consider A=
{
w∈ L1(X×X ,µ×µ) :w=
k
∑
i, j=1
ci j1Xi×X j with all of |ci j| ≤
1
2
}
.
Clearly { fg : g ∈ G} ⊂ A. Since A has dimension k
2, there existsC ∈N and F ′n ⊂ F
′′
n with
|F ′n| ≥
|F ′′n |
C
≥
|Fn|
2C
such that, for all u,v∈ F ′n, we have
∫
X×X | fu− fv|dµ×µ ≤
c
3
, and hence∫
X×X
|Lu−Lv|dµ ×µ < c (by (2.4)).
Set M = 5C. Since {Fn : n ∈ N} is a Følner sequence of G, once n ∈ N is large enough,
for all m= 1, · · · ,M one has
|g−1m Fn∆Fn|
|Fn|
< 1
M
, and then
|g−1m F
′
n \Fn|
|Fn|
≤
|g−1m Fn \Fn|
|Fn|
<
1
M
(recalling F ′n ⊂ F
′′
n ⊂ Fn),
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hence
|g−1m F
′
n∩Fn|
|Fn|
=
|F ′n|
|Fn|
−
|g−1m F
′
n \Fn|
|Fn|
>
1
2C
−
1
M
=
3
10C
.
Thus, once n ∈ N is large enough, one has
M
∑
m=1
|g−1m F
′
n∩Fn|>
3|Fn|
10C
×M =
3
2
|Fn|,
and so there exist 1≤ p 6= q≤M such that g−1p F
′
n∩g
−1
q F
′
n∩Fn 6= /0.
We choose w ∈ g−1p F
′
n ∩g
−1
q F
′
n∩Fn, and say u,v ∈ F
′
n such that gpw = u and gqw = v.
Then by above construction of (2.2) and F ′n, we have
∫
X×X |Lgp − Lgq |dµ × µ ≥ c and∫
X×X |Lu−Lv|dµ×µ < c, while∫
X×X
|Lgp−Lgq |dµ×µ =
∫
X×X
|Lgpw−Lgqw|dµ×µ =
∫
X×X
|Lu−Lv|dµ ×µ,
which arrives at a contradiction. Thus the function h is almost periodic. 
Now it is ready to prove Theorem 2.1.
Proof of Theorem 2.1. By Theorem 2.7 it suffices to prove that if h is almost periodic
then µ has bounded complexity w.r.t. {HFn : n ∈ N}. Assume the contrary that there
exists ε > 0 such that the sequence {C(HFn,ε) : n ∈ N} is not bounded, and so there
exists a tempered subsequence {Fnk : k ∈ N} such that the sequence {C(HFnk ,ε) : k ∈ N}
is not bounded yet. While since {Fnk : k ∈N} is a tempered Følner sequence, by Theorem
2.6 one has that the sequence {(HFnk ,ε) : k ∈ N} is bounded, a contradiction. 
3. PROOF OF THEOREM 1.1
In this section, we present the proof of Theorem 1.1.
The equivalence of (1)⇔ (2) in Theorem 1.1 follows from the following result, which
generalizes [8, Proposition 4.1], [7, Theorem 4.6] and corresponding results in [19] from
Z-actions to amenable group actions. Recall that we have assumed X to be a compact
metric space with the metric d. By a semimetric of X we mean ρ : X×X →R+ satisfying
that ρ(x,x) = 0, ρ(x,y) = ρ(y,x) and ρ(x,z)≤ ρ(x,y)+ρ(y,z) for all x,y,z ∈ X . We say
that the semimetric ρ is continuous, if the identity map Id : (X ,d)→ (X ,ρ) is continu-
ous. Observe that if ρ is a continuous metric on X , then Id : (X ,d)→ (X ,ρ) will be a
homeomorphism, that is, the topology induced by ρ coincides with that induced by d.
Theorem 3.1. The following statements are equivalent:
(1) µ has discrete spectrum.
(2) For some continuous metric d′, µ has bounded complexity w.r.t. {d′Fn : n ∈ N}.
(3) For any continuous semimetric ρ , µ has bounded complexity w.r.t. {ρFn : n ∈ N}.
(4) For the metric d, µ has bounded complexity w.r.t. {dFn : n ∈ N}.
Proof. It is trivial (3)⇒ (4)⇒ (2), and so it remains to prove (1)⇐⇒ (2)⇐⇒ (3).
(1)⇒ (2) Choose a countable set { fk : k ∈ N} ⊂ C(X) such that max
x∈X
| fk(x)| ≤ 1 for
each k ∈ N and the linear span of { fk : k ∈ N} is dense in C(X). Then d
′ is a compatible
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metric on X , equivalently, d′ is a continuous metric on X , where
d′(x,y) =
∞
∑
k=1
| fk(x)− fk(y)|
2k
for all x,y ∈ X .
In the following we will show that µ has bounded complexity w.r.t. {d′Fn : n ∈ N}, that
is, for each ε > 0 the sequence {C(d′Fn,ε) : n ∈ N} is bounded.
Fix ε > 0. Obviously we may select N ∈ N such that
d′(x,y)≤
N
∑
k=1
| fk(x)− fk(y)|
2k
+
ε
2
for all x,y ∈ X .
We assume firstly that the Følner sequence {Fn : n ∈ N} is tempered. Since µ has
discrete spectrum, each fk is almost periodic, and so by Theorem 2.6 there exists δk > 0
and compact Ak ⊂ X with µ(Ak)> 1−
ε
2k
such that 1|Fn| ∑
g∈Fn
| fk(gx)− fk(gy)|<
ε
2
for each
n∈N and all x,y∈ Ak with d(x,y)< δk. Set A=
N⋂
k=1
Ak and δ = min
1≤k≤N
δk > 0. Then A⊂ X
is compact, µ(A) > 1− ε and, once x,y ∈ A satisfy d(x,y)< δ , one has
d′Fn(x,y)≤
N
∑
k=1
1
|Fn|
∑
g∈Fn
| fk(gx)− fk(gy)|
2k
+
ε
2
< ε.
From this it is easy to obtain that the sequence {C(d′Fn,ε) : n ∈ N} is bounded.
Now we consider a general Følner sequence {Fn : n ∈N}. Assume the contrary that the
sequence {C(d′Fn,ε) : n ∈ N} is not bounded, and then by arguments similar to the proof
of Theorem 2.1 we will arrive at a contradiction.
(2)⇒ (3) Let ρ be a continuous semimetric on X . Since (X ,d) is a compact metric
space, and the identity map Id : (X ,d)→ (X ,ρ) is continuous, it is easy to see that the
function ρ is bounded, and so we may assume without loss of generality ρ ≤ 1.
Now assume that d′ is a continuous metric such that µ has bounded complexity w.r.t.
{d′Fn : n ∈ N}. Let ε > 0 and fix it. Observe that there exists δ > 0 such that, for all
x,y ∈ X , d′(x,y) < δ implies ρ(x,y) < ε . By the assumption of bounded complexity,
there exists k ∈ N such that, for each n ∈ N, X can be represented as the union of Borel
sets Xn0 ,X
n
1 , · · · ,X
n
k , furthermore, µ(X
n
0 ) < εδ and d
′
Fn(x,y)< εδ whenever x,y ∈ X
n
j for
some j = 1, · · · ,k. In the following we will prove that ρFn(x,y) < 2ε whenever x,y ∈ X
n
j
for some n ∈ N and j = 1, · · · ,k, which implies C(ρFn,2ε) ≤ k for all n ∈ N and then µ
has bounded complexity w.r.t. {ρFn : n ∈ N} by the arbitrariness of ε > 0.
Now fix x,y ∈ Xnj , where n ∈ N and j = 1, · · · ,k. Since d
′
Fn(x,y)< εδ , one has
|En| ≥ |Fn|(1− ε), where En = {g ∈ Fn : d
′(gx,gy)< δ}.
By the construction of δ , we have ρ(gx,gy)< ε for all g ∈ En, and then
ρFn(x,y)≤
1
|Fn|
· (|En|ε + |Fn \En|) (recall ρ ≤ 1) < 2ε.
(3)⇒ (1) Let h be arbitrary continuous function on X , and set H(x,y) = |h(x)−h(y)|
for all x,y ∈ X . Then H is a continuous semimetric of X , and so by the assumption µ
has bounded complexity w.r.t. {HFn : n ∈ N}, hence h is almost periodic in L
2(X ,µ) by
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Theorem 2.1. As C(X) is dense in L2(X ,µ), one has that each function in L2(X ,µ) is
almost periodic, thus µ has discrete spectrum. 
The equivalence of (1)⇔ (3)⇔ (4) in Theorem 1.1 is shown by the following result,
which reveals the relationship between discrete spectrum and complexity functions in-
duced by a sequence of semimetrics generated by the Hamming distance of names of
partitions (and of partitions of two elements). This generalizes [1, Proposition 3] and [22,
Corollary 3.2] from Z-actions to amenable group actions.
Theorem 3.2. The following statements are equivalent:
(1) µ has discrete spectrum.
(2) For any finite partition α = {A1, · · · ,Al} of X, µ has bounded complexity w.r.t.
{HαFn : n ∈ N}, where H
α(x,y) = 1
2 ∑
l
i=1 |1Ai(x)−1Ai(y)|.
(3) For any partition α = {A,X \A} of X, µ has bounded complexity w.r.t. {HαFn :
n ∈ N}, where Hα(x,y) = |1A(x)−1A(y)|.
Proof. (1)⇒ (2) Again by arguments similar to the proof of Theorem 2.1, we may assume
without loss of generality that the Følner sequence {Fn : n∈N} is tempered. We fix ε > 0.
We also fix each i = 1, · · · , l, then set H i(x,y) = |1Ai(x)− 1Ai(y)| for all x,y ∈ X . Since
1Ai is almost periodic, by Theorem 2.6 there exists δi > 0 and compact Ci ⊂ X with
µ(Ci) > 1−
ε
l
such that H iFn(x,y) <
ε
l
for each n ∈ N and all x,y ∈Ci with d(x,y) < δi.
Let δ = min
1≤i≤l
δi > 0 and C =
l⋂
i=1
Ci ⊂ X which is a compact set. Then µ(C) > 1− ε and,
for each n ∈ N and all x,y ∈C with d(x,y)< δ ,
HαFn(x,y) =
1
2
l
∑
i=1
H iFn(x,y)<
1
2
· l ·
ε
l
=
ε
2
.
From this it is easy to obtain that the sequence {C(HαFn,ε) : n ∈ N} is bounded.
(2)⇒ (3) is obvious. It remains to prove (3)⇒ (1).
For each A ∈ BX , by the assumption that µ has bounded complexity w.r.t. {HαFn :
n ∈ N} for α = {A,X \A}. Observe that in this case Hα(x,y) = |1A(x)− 1A(y)| for all
x,y ∈ X , and so by Theorem 2.1 the function 1A is almost periodic. It is trivial to see
that the linear sum of finitely many almost periodic functions in L2(X ,µ) is still almost
periodic. Since the linear span of {1A : A ∈ BX} is dense in L
2(X ,µ), we have that each
function in L2(X ,µ) is almost periodic, and so µ has discrete spectrum. 
The equivalence of (1)⇔ (5)⇔ (6) in Theorem 1.1, under the condition that the Følner
sequence {Fn : n ∈ N} is tempered, follows from the following result, which extends [22,
Theorem 3.1] and [7, Theorem 4.2].
Theorem 3.3. Assume that the Følner sequence {Fn : n ∈ N} is tempered. Then the
following statements are equivalent:
(1) µ has discrete spectrum.
(2) For any finite partition α = {A1, · · · ,Al} of X and each ε > 0, there exist finitely
many Borel subsets B1, · · · ,Bk such that µ(
⋃k
i=1Bi) > 1− ε and H
α
Fn(x,y) < ε
for all x,y ∈ Bi (for some i= 1, · · · ,k) and any n ∈ N.
(3) µ is equicontinuous in the mean w.r.t. {Fn : n ∈ N}.
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(4) µ is mean equicontinuous w.r.t. {Fn : n ∈ N}.
Proof. The equivalence of (1)⇔ (2) follows directly from Lemma 2.2 and Theorem 3.2.
The direction (3)⇒ (4) is trivial, and so it remains to prove (2)⇒ (3) and (4)⇒ (1).
(2)⇒ (3) Fix τ > 0, and assume without loss of generality diam(X)≤ 1, where diam(•)
denotes the diameter of a subset •. For eachm∈Nwe may take αm = {A1m, · · · ,A
tm
m } ∈PX
such that diam(Aim)<
τ
2m
for all i= 1, · · · , tm. By the assumption, there exist finitely many
Borel subsets B1m, · · · ,B
nm
m such that µ(
⋃nm
i=1B
i
m) > 1−
τ
2m
and Hα
m
Fn(x,y) <
τ
2m
for all
x,y ∈ Bim (for some i= 1, · · · ,nm) and any n ∈ N. Furthermore, by the regularity of µ , we
may assume that each Bim, i = 1, · · · ,nm is a compact set. Then µ(Km) > 1−
τ
2m
for each
m ∈ N and hence µ(K) > 1− τ , where K =
∞⋂
m=1
Km and Km =
nm⋃
i=1
Bim for each m ∈ N.
Nowwe show thatK is equicontinuous in the mean w.r.t. {Fn : n∈N}. Clearly, K⊂X is
compact. Assume the contrary thatK is not equicontinuous in the mean w.r.t. {Fn : n∈N},
and so there exists η > 0 such that for any k ∈ N there are xk,yk ∈ K and sk ∈ N such
that d(xk,yk) <
1
k
and dFsk
(xk,yk) ≥ η . As K is compact, we may assume (by taking a
subsequence if necessary) limk→∞ xk = x for some x ∈ K, and hence limk→∞ yk = x.
Fix each k ∈ N. By the triangle inequality, either dFsk (xk,x) ≥
η
2
or dFsk
(yk,x) ≥
η
2
.
Again we may assume dFsk
(xk,x) ≥
η
2
(by choosing a subsequence if necessary). Set
Ekm = {g ∈ Fsk : α
m
g (x) 6= α
m
g (xk)} for each m ∈N, then H
αm
Fsk
(xk,x) =
1
|Fsk |
· |Ekm|. Recall
diam(X)≤ 1 and diam(Aim)<
τ
2m
for each i= 1, · · · , tm. Thus if g∈E
k
m then d(gx,gxk)≤ 1
and if g ∈ Fsk \E
k
m then d(gx,gxk)≤
τ
2m
. So, for any m ∈ N,
1
|Fsk |
·
(
|Ekm| ·1+(|Fsk|− |E
k
m|) ·
τ
2m
)
≥ dFsk (xk,x)≥
η
2
.
Take M ∈ N with τ
2M
< η
4
. Then |EkM| >
η
4
· |Fsk|, and hence H
αM
Fsk
(xk,x) >
η
4
. Since
{xk : k ∈ N} ⊂ K and K ⊂ KM , we may assume {xk : k ∈N} ⊂ B
i
M for some i= 1, · · · ,nM
(choosing subsequence if necessary). Since BiM is compact, one has x ∈ B
i
M, and then
Hα
M
Fsk
(xk,x)<
τ
2M
< η
4
, a contradiction.
(4)⇒ (1) By Theorem 3.1 it suffices to prove that once µ is mean equicontinuous w.r.t.
{Fn : n ∈ N} then µ has bounded complexity w.r.t. {dFn : n ∈ N}.
Fix any ε > 0. Then there is compact K ⊂ X such that µ(K) > 1− ε
2
and K is mean
equicontinuous w.r.t. {Fn : n ∈ N}, and so there exists δ > 0 such that if x,y ∈ K sat-
isfy d(x,y) < δ then limsupn→∞ dFn(x,y) < ε/4. By the compactness of K, there exists
{x1, · · · ,xm} ⊂ K such that K ⊂
⋃m
i=1B(xi,δ ). For each j = 1, · · · ,m and any N ∈ N, let
AN(x j) =
{
y ∈ B(x j,δ )∩K : dFn(x j,y)< ε/2 for all n≥ N
}
.
It is easy to see that, for each j = 1, · · · ,m, {AN(x j) : N ∈N} is an increasing sequence of
Borel subsets and B(x j,δ )∩K =
⋃∞
N=1AN(x j). Thus we may choose N1 ∈N and compact
K1 ⊂ AN1(x1) such that
µ(K1)> µ(B(x1,δ )∩K)−
ε
2m
.
And then choose N2 ∈ N and compact K2 ⊂ AN2(x2) such that
K1∩K2 = /0 and µ(K1∪K2)> µ((B(x1,δ )∪B(x2,δ ))∩K)−
2ε
2m
.
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By induction, we can choose N j ∈ N and compact K j ⊂ AN j(x j) for all j = 1, · · · ,m such
that K1, · · · ,Km are pairwise disjoint and µ(K0)> µ(K)−
ε
2
> 1−ε , where K0 =
⋃m
j=1K j.
Now set N =max{N1, · · · ,Nm}. Clearly there exists δ2 > 0 such that if x,y ∈ X satisfy
d(x,y)< δ2 then maxg∈Fn d(gx,gy)< ε for all n= 1, · · · ,N. Let
δ1 =min
{
min
1≤i 6= j≤m
d(Ki,K j), δ2
}
> 0.
By the compactness of K0, there exists finite H ⊂ K0 such that K0 ⊂
⋃
x∈H B(x,δ1). Fix
n ≥ 1 and y ∈ K0, and we choose x ∈ H with d(x,y) < δ1. If n < N, then dFn(x,y) ≤
maxg∈Fn d(gx,gy) < ε . If n ≥ N, by the construction of δ1 there exists j ∈ {1, · · · ,m}
such that both x and y belong to K j ⊂ AN j(x j), and hence (observing n≥ N ≥ N j)
dFn(x,y)≤ dFn(x,x j)+dFn(x j,y)< ε/2+ ε/2= ε.
Summing up, for each n ∈ N, we have dFn(x,y)< ε and then
K0 ⊂ Kε where Kε =
⋃
x∈H
BdFn
(x,ε),
in particular, µ(Kε) ≥ µ(K0) > 1− ε . Thus C(dFn,2ε) ≤ |H| for all n ∈ N. By arbitrari-
ness of ε > 0 we have that µ has bounded complexity w.r.t. {dFn : n ∈ N}. 
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